Classical diffusion theory is widely applied in natural science and has made a great achievement. However, the phenomenon of anomalous diffusion in discontinuous media (fractal, porous, etc.) shows that classical diffusion theory is no longer suitable. The differential equations with fractional order have recently been proved to be powerful tools for describing anomalous diffusion. Nevertheless, the analysis methods and numerical methods for fractional differential equations are still in the stage of exploration. In the paper, we consider the Sturm-Liouville problem and the numerical method of a fractional sub-diffusion equation with Dirichlet condition, respectively. We have given the series solution of equation and proved the stability and the convergence of the implicit numerical scheme. It is found that the numerical results are in satisfactory agreement with the analytical solution. Through the robustness analysis, it is also found that the diffusion processes on fractals are more sensitive to the spectral dimension than to the anomalous diffusion exponent.
Introduction
In recent years, more and more phenomena of anomalous diffusion were found in physics, Metzler et al. [] have considered a random walk on fractal object with γ = /d ω , where d ω >  is the anomalous diffusion exponent. The probability density of the random walker's asymptotic behavior satisfies
where d f is the fractal Hausdorff dimension and c is a nonzero constant,
This kind of anomalous diffusion on fractals could be characterized by the macroscopical fractional diffusion equation
 dω is the Riemann-Liouville fractional derivative of order /d w , which is defined by 
with the initial and boundary conditions
where α = /d ω , β = d s -, and  < α, β < . The Caputo type operator
This paper is organized as follows. In the second part, we deal with the singular SturmLiouville problem. In the third part, we discuss the numerical method, which contains a stability and convergence analysis; the numerical results of a concrete example and a robustness analysis are also given.
Sturm-Liouville problem
In this section, first of all, we consider the following homogeneous equation:
, λ denotes the eigenvalue of (.). Thus we have
Because of the boundary conditions, we have X() = X(L) = . Hence we obtain the S-L problem
Proof Applying the formula of the integral by parts to the left side of (.), then we can obtain
The conclusion follows from equation (.) minus equation (.). The lemma is now proved. 
where
The conjugateλ andη satisfy
Following from Lemma ., the next equality holds:
The fact that η(x) =  implies that λ =λ. Multiply η(x) at both sides of equation (.) and then perform the integral on the interval [, L], then we have
The eigenvalue λ must be a negative real number.
() By Lemma ., the eigenfunctions X j and X k satisfy
and
The stretching transformation
) is used to convert equation (.) into the νth order Bessel equation,
The solution of the νth order Bessel equation is
where C  and C  are arbitrary constants. J ν (x) and J -ν (x) are Bessel functions,
Combined with the boundary conditions, set μ
ν is the nth solution of the νth order Bessel function [], and  < μ
Then, the eigenvalues and eigenfunctions for (.) are given by
the Laplace transform formula for the Caputo fractional derivative is
L C  D p t f (x) = s p F(s) - n- k= s p-k- f (k) (+).
Laplace transform formula for the Mittag-Leffler function is
L t nα+β- E (n) α,β -γ t α = n!s α-β (s α + γ ) n+ ,
where F(s) is the Laplace transform for f (x), γ is a real number, and the Mittag-Leffler function E
By the Laplace transform, Lemma ., and the inverse Laplace transform, the solution of (.) is given as
Hence the general solution of (.) is of the form of the following series:
We consider the initial value and Theorem .; D n can be determined by
For the non-homogeneous equation
Let the non-homogeneous term f (x, t) and the solution u(x, t) and the initial value ψ(x) be of the following form of a series expansion:
where f n (t) is the general Fourier series of f (x, t), ψ n is the general Fourier series of ψ(x). Insert series (.) into the non-homogeneous equation (.) and the initial value condition, then we have
By the Laplace transform, Lemma ., and the inverse Laplace transform, T n (t) is given as
Finally, we obtain the solution of the non-homogeneous equation (.)
where the generalized Fourier coefficients are
Numerical method
In the section, we propose an implicit numerical method for the Caputo type FPDE.
We use a uniform grid for spatial axis with grid spacing h = L/M, the points in the grid x j are given by
Likewise, we take a grid on the temporal axis with grid spacing τ , the grid points t n are given by
Let u n j be the numerical approximation to the solution of (.) at the point (jh, nτ ). Similarly, f n j = f (jh, nτ ). Using the forward difference, we have a finite difference approximation of the Caputo type fractional derivative,
According to Abelian summation method by part, we have
Using the backward difference for ∂u/∂x and the central difference for
Hence, we obtain a numerical scheme for (.)
When n =  the numerical scheme of (.) becomes
Instead of equations (.) and (.), the difference scheme can be rewritten in the following matrix form:
We consider the stability of (.) in the following supremum norm:
Theorem . The difference scheme (.) satisfies
where C is a positive constant.
Proof We use mathematical induction to show it. Suppose that |u
Hence, we obtain
where the positive constant C is ω
We have m = n + . From (.) we obtain
We complete the proof. Applying Theorem ., we obtain
We denote the solution of IBVP (.) with u(x, t) and set z n j = u n j -u(j x, n t), and we see that z n j satisfies
Using z  ∞ =  and Theorem ., we have
Therefore, we obtain the global convergence theorem.
Theorem . The difference scheme (.) for approximating the partial differential equation (.) is a convergent scheme.
Some numerical examples are tested to verify the efficiency and stability of our proposed method.
Example
where the non-homogeneous term f (x, t) satisfies
The series solution can be yield by equation (.) and the exact analytical solution of (.) is given by u(x, t) = t sin πx.
(  .   )
While α =  (i.e., the anomalous diffusion exponent is large enough), the fractional Caputo operator is the identity operator and equation (.) is changed into the ordinary differential 
equation (ODE)
The maximum absolute errors between the exact solution and numerical solution
are shown in Table  and Table  . From Table  , we can see that the maximum absolute error increases drastically as the parameter β increases. While in Table  , the maximum absolute error is almost constant when the fractional order α changes in (.). In Figure  , the numerical results for the time fractional diffusion equation with different parameters τ , h, β are provided. In Figure  , the numerical results for the time fractional diffusion equation with different parameters τ , h, α are also given. We assume that u α,β (x, t) is the solution of (.). The robustness parameter α used to quantify the shift of the solution u α,β (x, t) at x position t time when α changes then is
Similarly, β is defined by
It is difficult to calculate the robustness parameters as above because we usually cannot get its exact solution u α,β (x, t). As an alternative, we explore the effects of d ω and d s on the maximum absolute error E ∞ , through the robustness parameters˜ d s and˜ d ω , which are defined as follows:
As shown in Figure  , it is observed that the maximum absolute error increases drastically as the spectral dimension d s increases. However, in Figure  , with a change in the anomalous diffusion exponent d ω , the maximum absolute error is almost constant. It shows that the influence of the spectral dimension d s on the maximum absolute error E ∞ is larger than that of the anomalous diffusion exponent d ω . Moreover, it is interesting to see that 
Conclusion
In summary, we have presented the Sturm-Liouville problem and the series solution of the fractional sub-diffusion equation on fractals, and an implicit numerical scheme is also given. Furthermore, we have proved that the implicit numerical scheme is unconditionally stable and convergent. The computational examples show that the results from the numerical method agree quite well with the analytical solution. Previous research focuses only on analytical methods and numerical methods for fractional differential equation. However, the robustness analysis of the parameters, which is concerned with the fractional derivative order, is not considered. Through the numerical analysis, we found that the maximum error for the numerical solution is more sensitive to the spectral dimension in comparison with the anomalous diffusion exponent. The physical meaning is that the diffusion processes on fractals depend more on the value of the ratio of the fractal Hausdorff dimension to the anomalous diffusion exponent than on the anomalous diffusion exponent. This work is helpful for researchers dealing with similar fractional differential equations in physics and engineering.
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